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Cell Phone 
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MAP 
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Toast 
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Smoothie 
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Line 
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Math	  Theme:	  Propor.onal	  Reasoning	  



Caterpillar	  Problem	  

A	  class	  has	  a	  tank	  full	  of	  caterpillars.	  	  It	  takes	  five	  
leaves	  each	  day	  to	  feed	  two	  caterpillars.	  	  How	  many	  
leaves	  does	  it	  take	  to	  feed	  12	  caterpillars.	  
	  
Show	  how	  you	  figured	  it	  out.	  



AGer	  Solving	  the	  Task,	  Consider:	  

•  All the ways students may approach the 
problem  

•  Other mathematically valid methods to 
solve the problem 

Discuss	  the	  different	  approaches	  and	  solu.on	  
methods	  within	  your	  group	  



Caterpillars	  6th	  Grade	  



Video	  Clip:	  Group	  Discourse	  

•  What	  was	  the	  mathema.cal	  approach	  the	  
students	  were	  discussing?	  

•  How	  were	  they	  making	  sense	  of	  the	  problem?	  	  
Where	  was	  their	  confusion?	  

•  What	  understandings	  of	  propor.onal	  
reasoning	  was	  evident?	  

•  What	  is	  the	  value	  of	  listening	  to	  student	  
thinking?	  	  



Solu.on	  Strategies	  for	  Caterpillars	  

•  Drawing/coun.ng	  by	  exhaus.on	  (coun.ng	  by	  5	  leaves	  and	  2	  
caterpillars)	  

•  T-‐table/coun.ng	  by	  exhaus.on	  
•  Finding	  the	  scale	  factor	  of	  6	  (12/2)	  then	  mul.plying	  6	  •	  5	  

leaves	  to	  find	  30	  leaves.	  	  (Func.on	  approach	  y	  =	  12/2	  x)	  
•  Finding	  the	  unit	  rate	  (1	  caterpillar	  eats	  2.5	  leaves)	  then	  

mul.ply	  by	  12	  or	  coun.ng	  12	  sets.	  (Func.on	  approach	  y	  =	  2.5	  x)	  
•  Determine	  that	  5	  leaves	  are	  eaten	  each	  day.	  	  So	  12	  

caterpillars	  eat	  the	  5	  leaves	  making	  60	  -‐-‐	  but	  those	  are	  
shared	  by	  a	  pair	  of	  caterpillars,	  so	  only	  half	  of	  that	  total	  are	  
actually	  eaten.	  (reasoning	  about	  cross	  mul.plica.on	  5/2	  =	  x/12)	  



The	  concepts	  of	  propor.onality,	  of	  
propor.onal	  rela.onships,	  and	  of	  propor.onal	  
reasoning	  in	  general	  are	  central	  to	  an	  
understanding	  of	  middle	  school	  and	  high	  
school	  mathema.cs,	  but	  most	  exis.ng	  courses	  
do	  not	  bring	  out	  these	  ideas	  with	  sufficient	  
clarity.	  

Dick Stanley, Susan Hudson Hull, et. al!

Propor%onal	  Reasoning	  



Cross	  Mul.plica.on	  is	  	  
Cul-‐De-‐Sac	  Reasoning	  
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Propor.onal	  Reasoning	  Should	  be	  Taught	  from	  a	  
Func.onal	  Approach	  

y	  =	  k	  •	  x	  
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THE	  CONSTANT	  OF	  PROPORTIONALITY	  

In	  situa.ons	  involving	  propor.onal	  rela.onships,	  one	  quan.ty	  is	  a	  
constant	  mul.ple	  of	  the	  other;	  symbolically,	  y	  =	  k	  x.	  The	  constant	  
mul.plier	  k	  is	  called	  the	  constant	  of	  propor%onality.	  It	  is	  the	  
essen.al	  quan.ty	  connected	  with	  any	  situa.on	  involving	  
propor.onality.	  S.ll,	  its	  central	  character	  is	  some.mes	  missed	  by	  
students	  since	  it	  shows	  up	  in	  such	  a	  variety	  of	  different	  forms	  
depending	  on	  the	  context.	  Specifically,	  the	  constant	  of	  
propor.onality	  is	  the	  constant	  ra%o	  in	  a	  propor.on,	  the	  constant	  
slope	  of	  a	  graph,	  the	  constant	  rate	  in	  rate	  situa.ons,	  the	  scale	  in	  a	  
map,	  the	  percent	  (divided	  by	  100)	  that	  designates	  the	  part	  in	  part-‐
whole	  situa.ons,	  the	  scale	  factor	  linking	  two	  similar	  figures,	  the	  
common	  trigonometric	  ra%o	  of	  sides	  in	  a	  class	  of	  similar	  right	  
triangles,	  and	  so	  forth.	  



New	  K-‐12	  Math	  Curriculum	  Inspired	  by	  
The	  Common	  Core	  State	  Standards	  





Middle	  School	  Curriculum	  
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Forma.ve	  Assessment	  
Naviga&ng	  the	  Assessment	  Cycle	  to	  Inform	  Instruc&on	  



The	  process	  of	  studying	  student	  work	  is	  a	  meaningful	  and	  
challenging	  way	  to	  be	  data-‐driven,	  to	  reflect	  cri&cally	  on	  our	  
instruc&onal	  prac&ces,	  and	  to	  iden&fy	  the	  research	  we	  might	  
study	  to	  help	  us	  think	  more	  deeply	  and	  carefully	  about	  the	  
challenges	  our	  students	  provide	  us.	  Rich,	  complex	  work	  
samples	  show	  us	  how	  students	  are	  thinking,	  the	  fullness	  of	  
their	  factual	  knowledge,	  the	  connec&ons	  they	  are	  making.	  
Talking	  about	  them	  together	  in	  an	  accountable	  way	  helps	  us	  
to	  learn	  how	  to	  adjust	  instruc&on	  to	  meet	  the	  needs	  of	  our	  
students.	  

Annenberg Institute of School Reform	  



Educa.onal	  Research:	  	  
Forma.ve	  Assessment	  and	  Student	  Work	  to	  

Inform	  Instruc.on	  
•  Assessing	  Student	  Outcomes;	  Marzano,	  Pickering,	  McTighe	  
•  Inside	  the	  Black	  Box;	  Black,Wiliams	  
•  Understanding	  by	  Design;	  Wiggins,	  McTighe	  
•  Results	  Now;	  Schmoker	  
•  Professional	  Learning	  Communi&es	  at	  Work;	  Dufour,	  Eaker	  
•  Accountability	  for	  Learning;	  Reeves	  
•  Math	  Talk	  Learning	  Community;	  Fuson,	  et	  al	  
•  Normalizing	  Problems	  of	  Prac&ce;	  Liele,	  Horn	  
•  Change	  the	  Terms	  for	  Teacher	  Learning;	  Fullan	  
•  Working	  toward	  a	  con&nuum	  of	  professional	  development;	  

Loucks-‐Horsley,	  et	  al.	  	  



Assessment	  

Summa.ve	   Forma.ve	  

Benchmarks/
Interim	  

Performance	  
Assessment	  

Forma.ve	  
meaning	  during	  
instruc.on	  to	  
inform	  
instruc.on	  

Tests	  

Quizzes	  

Assignments	  	  

To	  inform	  
instruc.on	  

	  

Assessments	  to	  Rank,	  
Cer.fy,	  or	  Grade.	  	  

High-‐Stakes	  Tests	  

	  State	  Tests	  

HS	  Exit	  Exams	  

SAT,	  ACT	  

Norm-‐Reference	  

Final	  Exams	  

Students	  
comments,	  
explana.ons,	  
ques.ons	  and/
or	  work	  in	  
class	  

Unit/Chapter	  Tests	  

Benchmark	  Tests	  

Semester/Quarter	  Tests	  

Computer-‐based	  exams	  	  



Administer	  Tasks	  

Examine	  Student	  
Work	  

Inform	  Teacher	  
Knowledge	  

Inform	  
Instruc.on	  

Forma&ve	  
Assessment	  

Cycle	  



The	  Results	  from	  an	  Assessment	  
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Students’	  performances	  are	  across	  the	  con.nuum	  



Tradi.onally	  Teachers	  Choose	  One	  of	  
Three	  Op.ons	  

•  Go	  back	  and	  re-‐teach	  the	  topic	  with	  the	  
en.re	  class.	  

•  Iden.fy	  the	  students	  needing	  remedia.on	  
and	  find	  some	  .me/opportunity	  to	  re-‐teach	  
the	  topic	  while	  the	  rest	  of	  the	  class	  
con.nues	  on.	  

•  Feeling	  the	  pressure	  of	  the	  over	  packed	  
curriculum	  the	  teacher	  ventures	  on	  to	  the	  
next	  topic.	  



Inside	  the	  Black	  Box	  
by	  Paul	  Black	  and	  Dylan	  Wiliam,	  Phi	  
Delta	  Kappan,	  copyright	  1998	  hep://
blog.discoveryeduca.on.com/assessment/files/
2009/02/blackbox_ar.cle.pdf	  

Follow	  up	  research:	  

Working	  Inside	  the	  Black	  Box	  



Students	  and	  teachers	  
Using	  evidence	  of	  learning	  
To	  adapt	  teaching	  and	  learning	  
To	  meet	  immediate	  learning	  needs	  
Minute-‐to-‐minute	  and	  day	  to	  day	  

Dylan	  Wiliam,	  University	  of	  London	  

Forma%ve	  
Assessment	  is:	  



Administer	  Tasks	  

Examine	  Student	  
Work	  

Inform	  Teacher	  
Knowledge	  

Inform	  
Instruc.on	  

Short	  
Forma&ve	  
Assessment	  

Cycle	  

Students	  engage	  
in	  a	  worthwhile	  
task	  or	  address	  a	  
probing	  
ques.on.	  

Teacher	  listens	  to	  student	  
responses	  or	  observe	  
student	  to	  student	  
conversa.ons	  or	  analyzes	  
the	  student’s	  work.	  

Teacher	  draws	  
upon	  vast	  
knowledge	  of	  
content	  and	  
pedagogy,	  uses	  
that	  with	  learning	  
goals	  of	  the	  
lesson,	  and	  
creates	  a	  plan	  in	  
real	  .me.	  

Provides	  feedback	  (probing	  
ques.on,	  comment,	  sugges.on)	  or	  
provides	  an	  addi.onal	  learning	  
experience	  that	  is	  tailored	  directly	  
to	  the	  students’	  learning	  needs.	  



STRATEGIES	  OF	  FORMATIVE	  ASSESSMENT	  
	  
Clarifying,	  Sharing	  and	  Understanding	  
Learning	  Inten.ons	  and	  Success	  Criteria	  
	  
Elici.ng	  Evidence	  of	  Learners’	  
Achievement	  
	  
Providing	  Feedback	  That	  Moves	  Learning	  
Forward	  
	  
Ac.va.ng	  Students	  as	  Instruc.onal	  
Resources	  for	  One	  Another	  
	  
Ac.va.ng	  Students	  as	  owners	  of	  their	  
own	  learning.	  
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Using	  Performance	  Assessment	  for	  
Forma.ve	  Purposes	  

Developing	  Teacher	  Content	  
Knowledge	  

M
ARS	  Assessm

ent	  Tasks	  

Tools	  for	  Teachers	  



Administer	  Tasks	  

Examine	  Student	  
Work	  

Inform	  Teacher	  
Knowledge	  

Inform	  
Instruc.on	  

Forma&ve	  
Assessment	  

Cycle	  

TOOTHPICK SHAPES
Tom uses toothpicks to make the shapes in the
diagram below.

shape 1
6 toothpicks

shape 2
9 toothpicks

shape 3 shape 4

1. How many toothpicks make shape 3?_________________

2. Draw shape 4 next to shape 3 in the diagram
above.

5. Tom says, “I need 36 toothpicks to make shape 12.”
Tom is not correct. Explain why he is not correct.
How many toothpicks are needed to make shape 12?

MARS	  Tasks	  

Tools	  for	  Teachers	  	  
and	  PD	  Materials	  

Re-‐engagement	  
Lessons	  

Common	  
Core	  

Standards	  

Scoring	  and	  Student	  
Works	  Protocols	  







Analyzing	  Student	  Work	  



SVMI	  TOOLS	  

MARS Task Anticipation Sheet 
 
Task Name:__________________  Grade:_____  Year:______  Tot Pts.  _____  Core Pts._____ 
 
In anticipating the student work where will students show success? 
What parts of the task will students be 
successful? 

In terms of knowing and doing mathematics 
what does this indicate? 

 
 
 
 
 
 
 
 
 

 

 
In anticipating the student work where will students struggle? 
What parts of the task will students be 
unsuccessful? 

In terms of knowing and doing mathematics 
what does this indicate? What understandings 
or skills do the students need to learn? 

 
 
 
 
 
 
 
 
 
 

 

 
Considering strengths and weaknesses from students, what are plans for future teaching? 
What are the implications for future 
instruction? 

What specific instruction or lesson experiences 
will you design students?  

 
 
 
 
 
 
 
 
 
 
 

 

Points Understandings Misunderstandings 
 
 
 
 
 

  

 
 
 
 
 

  

 
 
 
 
 

  

 
 
 
 
 

  

 
 
 
 
 

  

 
 
 
 
 

  

 
 
 
 
 

  

 
 
 
 
 

  

 

Analyzing	  Student	  Work	  

MARS	  Analyzer	  -‐	  line	  plot	  
MARS	  Analysis	  Sheet	  

Score	  Analysis	  Chart	  

1.  Sort	  the	  student	  work	  by	  score.	  
2.  Flag	  interes.ng	  Work	  -‐	  unusual	  strategy,	  common	  misconcep.ons,	  good	  answer	  or	  

“what	  were	  they	  thinking????”	  
3.  From	  your	  student	  work	  complete	  MARS	  Analyzer	  (line	  plot	  and	  measures	  of	  center)	  
4.  Discuss	  in	  group	  and	  complete	  Score	  Analysis	  Chart	  
5.  Complete	  the	  MARS	  Task	  Analysis	  Sheet	  





Tools	  for	  Teachers	  
Linking	  Assessment	  and	  Learning	  















70%	  were	  
unable	  to	  

explain	  how	  
to	  find	  

paeern	  11	  



TOOTHPICK SHAPES
Tom uses toothpicks to make the shapes in the
diagram below.

shape 1
6 toothpicks

shape 2
9 toothpicks

shape 3 shape 4

1. How many toothpicks make shape 3?_________________

2. Draw shape 4 next to shape 3 in the diagram
above.

5. Tom says, “I need 36 toothpicks to make shape 12.”
Tom is not correct. Explain why he is not correct.
How many toothpicks are needed to make shape 12?

Cycle of Formative Assessment 
to Inform and Improve 

Learning	


Leads to improved teaching 
and learning in the classroom 
(re-engagement)	


Administer high-quality 
assessment tasks	


Collectively score and analyze student work	


Document student 
thinking to inform 
instruction.	


Drives the professional development 
experiences of the teachers to plan 
experiences focused on their students.	


MARS Task Anticipation Sheet 
 
Task Name:__________________  Grade:_____  Year:______  Tot Pts.  _____  Core Pts._____ 
 
In anticipating the student work where will students show success? 
What parts of the task will students be 
successful? 

In terms of knowing and doing mathematics 
what does this indicate? 

 
 
 
 
 
 
 
 
 

 

 
In anticipating the student work where will students struggle? 
What parts of the task will students be 
unsuccessful? 

In terms of knowing and doing mathematics 
what does this indicate? What understandings 
or skills do the students need to learn? 

 
 
 
 
 
 
 
 
 
 

 

 
Considering strengths and weaknesses from students, what are plans for future teaching? 
What are the implications for future 
instruction? 

What specific instruction or lesson experiences 
will you design students?  

 
 
 
 
 
 
 
 
 
 
 

 

Points Understandings Misunderstandings 
 
 
 
 
 

  

 
 
 
 
 

  

 
 
 
 
 

  

 
 
 
 
 

  

 
 
 
 
 

  

 
 
 
 
 

  

 
 
 
 
 

  

 
 
 
 
 

  

 



Re-‐engagement	  

•  Makes	  use	  of	  actual	  student	  work	  -‐	  including	  unique	  
thinking,	  misconcep.ons	  and	  strategies.	  

•  Has	  all	  students	  re-‐work	  a	  task	  from	  different	  perspec.ves.	  
•  Confronts	  misconcep.ons,	  so	  that	  they	  can	  be	  dealt	  with	  

and	  let	  go.	  
•  Gives	  some	  students	  strategies	  for	  solving	  problem.	  
•  Helps	  other	  students	  solidify,	  connect,	  and	  clarify	  their	  

ideas.	  



How	  is	  Learner	  A	  making	  sense	  of	  the	  mathema.cs?	  

Examine	  Learner	  A’s	  Work	  



Examine	  Learner	  B’s	  Work	  

How	  is	  Learner	  B	  making	  sense	  of	  the	  mathema.cs?	  



The	  design	  of	  scaffolded	  	  
performance	  	  assessment	  tasks	  

Core	  	  	  	  	  	  	  	  	  	  	  	  	  	  
Ramp	  

Access	  

Top	  

Core	  





How	  was	  the	  re-‐engagement	  ac.vity	  designed	  to	  
provide	  access	  to	  all	  students	  in	  class?	  

What	  were	  the	  basic	  concepts	  the	  students	  needed	  to	  
learn	  and	  understand?	  

What	  did	  the	  students	  communicate?	  	  	  

What	  did	  the	  teachers	  emphasize?	  

Small	  Group	  
Discussions	  



How	  is	  Learner	  A	  making	  sense	  of	  the	  mathema.cs?	  

Examine	  Learner	  A’s	  Work	  



Examine	  Learner	  B’s	  Work	  

How	  is	  Learner	  B	  making	  sense	  of	  the	  mathema.cs?	  





How	  was	  the	  re-‐engagement	  lesson	  designed	  to	  provide	  
access,	  address	  the	  core,	  and	  create	  high	  cogni.ve	  
demand?	  

How	  were	  the	  students	  making	  sense	  of	  the	  mathema.cs?	  	  	  

How	  did	  re-‐engagement	  promote	  class	  discussions?	  	  	  

Describe	  important	  teacher	  moves	  that	  facilitated	  the	  
lesson.	  

Small	  Group	  
Discussions	  
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TOOTHPICK SHAPES
Tom uses toothpicks to make the shapes in the
diagram below.

shape 1
6 toothpicks

shape 2
9 toothpicks

shape 3 shape 4

1. How many toothpicks make shape 3?_________________

2. Draw shape 4 next to shape 3 in the diagram
above.

5. Tom says, “I need 36 toothpicks to make shape 12.”
Tom is not correct. Explain why he is not correct.
How many toothpicks are needed to make shape 12? Cycle of Formative Assessment 

to Inform and Improve 
Learning	


Leads to improved teaching 
and learning in the classroom 
(Re-engagement lessons)	


Administer high-quality 
assessment tasks	


Collectively score and analyze student work	


Document student 
thinking to inform 
instruction.	


Drives the professional development 
experiences of the teachers to plan 
experiences focused on their students.	




Re-‐teaching	  vs.	  Re-‐engagement	  

•	  Cogni.ve	  level	  is	  usually	  
lower.	  
	  

•  Revisit	  student	  thinking.	  •	  	  Teach	  the	  unit	  again.	  
	  
•	  	  Address	  basic	  skills	  that	  are	  
missing.	  

	  
•	  Do	  the	  same	  or	  similar	  
problems	  over.	  

	  
•	  Prac.ce	  more	  to	  make	  sure	  
student	  learn	  the	  procedures.	  

	  
•	  Focus	  mostly	  on	  
underachievers.	  

	  

•	  	  Address	  conceptual	  
understanding.	  

	  
•	  	  Examine	  task	  from	  different	  
perspec.ve.	  

	  
•	  Cri.que	  student	  approaches/
solu.ons	  to	  make	  connec.ons.	  

	  
•	  The	  en.re	  class	  is	  engaged	  
in	  the	  math.	  

	  
•	  Cogni.ve	  level	  is	  usually	  
higher.	  

	  



1.  Make	  sense	  of	  problems	  and	  
	  	  	  	  persevere	  in	  solving	  them.	  



2.	  Reason	  Abstractly	  and	  
Quan>ta>vely	  

Where	  are	  a+b,	  b-‐a	  and	  a-‐b?	  
	  
	  

What	  can	  you	  say	  about	  where	  a/b	  is?	  



Valerie shares some of the 12 candies.  She gives 
Cindy 1 candy for every 3 candies she eats herself. 
How many does she give Cindy?	


3.   Construct	  viable	  arguments	  and	  
	  	  	  	  	  cri>que	  the	  reasoning	  of	  others.	  



3.   Construct	  viable	  arguments	  and	  
	  	  	  	  	  cri>que	  the	  reasoning	  of	  others.	  



4.	  	  Model	  with	  mathema>cs	  



4.	  	  Model	  with	  mathema>cs	  



Which	  ropes	  are	  ‘Thin’?	  	  
Which	  ropes	  are	  ‘Medium’?	  
Which	  ropes	  ‘Thick’?	  

Explain	  your	  
reasoning.	  

5.	  Use	  appropriate	  tools	  strategically	  



6.	  	  AGend	  to	  Precision	  
	  

• Precision	  in	  Calcula.ons	  
• Precision	  in	  Vocabulary	  
• Precision	  in	  Argumenta.on	  



6.	  	  AGend	  to	  Precision	  
	  

Imagine	  that	  you	  have	  just	  discovered	  	  
this	  ancient	  floor	  .ling	  paeern	  in	  Syria.	  
	  	  
You	  telephone	  New	  York	  to	  tell	  them	  	  
about	  this	  exci.ng	  discovery.	  	  
	  	  
Describe	  the	  paeern	  as	  accurately	  as	  you	  can,	  so	  that	  someone	  else	  can	  draw	  it	  
without	  seeing	  it.	  	  
	  	  
Describe	  the	  shapes	  as	  completely	  as	  you	  can.	  	  
	  ____________________________________________________________________
____________________________________________________________________
____________________________________________________________________
____________________________________________________________________	  



7.	  Look	  for	  and	  make	  use	  of	  structure	  

Sidewalk	  PaPerns	  



7.	  Look	  for	  and	  make	  use	  of	  structure	  



8.	  Look	  for	  and	  express	  regularity	  in	  
repeated	  reasoning	  

Explain	  why	  the	  answer	  to:	  
	  

4/5	  ÷	  2/3	  
	  
Makes	  sense	  knowing	  why	  45	  
÷	  8	  makes	  sense.	  



8.	  Look	  for	  and	  express	  regularity	  in	  
repeated	  reasoning	  



Inside	  Mathema.cs	  Website	  

hep://www.insidemathema.cs.org	  

Silicon	  Valley	  	  
Mathema>cs	  Ini>a>ve	  

hep://www.svmimac.org	  
The Silicon Valley Mathematics Initiative

Math Assessment Collaborative

Content Student

Teacher

Learning

Mathematics Assessment Project 
UC Berkeley & Shell Centre for Mathematical Education 

hep://map.mathshell.org/materials/lessons.php	  



"Don't	  be	  encumbered	  by	  
history-‐-‐	  go	  off	  and	  do	  
something	  wonderful."	  	  

Dr.	  Robert	  N.	  Noyce	  
Inventor	  of	  the	  Silicon	  Chip	  
Co-‐founder	  of	  Intel	  



Inside	  Mathema.cs	  Website	  

hep://www.insidemathema.cs.org	  

Silicon	  Valley	  	  
Mathema>cs	  Ini>a>ve	  

hep://www.svmimac.org	  
The Silicon Valley Mathematics Initiative

Math Assessment Collaborative

Content Student

Teacher

Learning

Mathematics Assessment Project 
UC Berkeley & Shell Centre for Mathematical Education 

hep://map.mathshell.org/materials/lessons.php	  


